Abstract. Building on Fujita-Gri‰ths method of computing metrics on Hodge bundles, we show that the direct image of an adjoint semi-ample line bundle by a projective submersion has a continuous metric with Gri‰ths semi-positive curvature. This shows that for every holomorphic semi-ample vector bundle E on a complex manifold, and every positive integer k, the vector bundle S k E n det E has a continuous metric with Gri‰ths semipositive curvature. If E is ample on a projective manifold, the metric can be made smooth and Gri‰ths positive.
Introduction
We study the positivity properties of direct images of adjoint line bundles. We get On Grassmannian manifolds, Abelian varieties and toric varieties, these results were already proved either by the Castelnuovo-Mumford criterion for global generation or by trying to mimic the Frobenius morphisms over C ( [15] , [16] , Théorème 3). These theorems should be compared with by now classical results due to Fujita, Kawamata and others in algebraic geometry setting (see for example [14] , Chapter 6.3.E). These constructions may help to find some topological properties of algebraic sub-varieties under ampleness assumptions for the normal bundle (see for example [7] and [14] , part two). The interesting outcome is that metrics could be used to construct Morse functions, whose indices are computed by the curvature.
For the main application, we consider a holomorphic vector bundle E on a compact complex manifold, and intend to construct metrics on vector bundles associated to E which would reflect algebraic positivity properties of E. Just note that on the variety p : PðEÞ ! X of rank one quotients of E the direct image p ? À K PðEÞ=X n O E ðk þ rÞ Á , where r is the rank of E, is S k E n det E to infer Corollary 1.3. Let E be a semi-ample vector bundle on a complex manifold. Then for all positive integers k, the vector bundles S k E n det E have continuous metrics with Gri‰ths semi-positive curvature. Corollary 1. 4 . Let E be an ample vector bundle on a complex projective manifold. Then for all positive integers k, the vector bundles S k E n det E are Gri‰ths positive.
The theory of resolution of the q-equation with L 2 -estimates for example shows that Gri‰ths positivity and ampleness are equivalent for line bundles. This implies through the curvature computation of O E ð1Þ that Gri‰ths positive vector bundles are ample. The converse is a problem raised by Gri‰ths [8] , problem (0.9), and solved positively on curves by Umemura [20] using the concept of stability (see also [3] ). Our results provide a weak answer to Gri‰ths's problem. The appearance of the determinant line bundle has the same origin as its appearance in the vanishing theorem of Gri‰ths for the cohomology of ample vector bundles.
The first idea in the proof is to use natural cyclic coverings to be able to use Hodge metrics on the direct image of the relative canonical sheaf under a proper Kähler surjective map between two complex manifolds. This may be seen as a metric aspect of Ramanujam's idea to reduce the vanishing theorem to topological properties [18] (see also [13] ).
Applying Gri‰ths method of computing metrics on Hodge bundles, we will be able to compute the curvature of direct image of the structure sheaf for proper Kähler submersions. It turns out that the metric on the top direct image of the structure sheaf of the source manifold is semi-negatively curved.
We then have to determine the singularities of the Hodge metrics. For a proper surjective map f : Z nþr ! X n , the Jacobian ideal Jac f is the ideal of O Z generated by the n Â n-minors of the matrix of the di¤erential of f (computed in any chart). The discriminant locus D f H X is defined to be the image under f of the sub-scheme of Z where the map f is not submersive, that is the sub-scheme cut out by Jac f . Denote
is then a proper submersion. With these notations, our main technical lemma generalizes Fujita's observation [6] , lemma 1.12, and gives a complete description of the singularities of the Hodge metrics in the bidegree ðdim f ; 0Þ. Lemma 1.5. Let f : Z ! X be a proper Kähler surjective map between two complex manifolds.
(1) Then, the Hodge metric on ð f 0 Þ ? ðK Z 0 =X 0 Þ extends as a metric with poles on f ? ðK Z=X Þ.
(2) The Hodge metric on ð f 0 Þ ? ðK Z 0 =X 0 Þ extends as a regular metric on
By a metric on the a priori non locally free sheaf f ? ðK Z=X Þ (and on f Ã ðJac f n K Z=X ÞÞ, we mean a hermitian product on each vector space f ? ðK Z=X Þ n CðxÞ for x in X (see section 2.4.2 for a more detailled definition). Note that we will use the lemma in the setting of regular cyclic coverings where the direct image is locally free. This lemma is far simpler than general results obtained by Kawamata, Zü cker, Kollár and Cattani-Kaplan-Schmid. This paper is a revised and expanded version of our preprint [17] . Shortly before we ended the writing of our text, Bo Berndtsson gave a nice analytic proof of the Nakano positivity of the direct image of adjoint ample line bundle in the same setting as ours [2] . We nevertheless feel worth to display our algebro-geometric techniques.
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2. The tools 2.1. Ampleness and positivity. We refer to [11] or [14] , chapter 6, for basics about ample vector bundles and to [8] or [4] , chapter VII, for basics about positive vector bundles. All vector bundles are assumed to be holomorphic.
A vector bundle E on a compact complex manifold X is said to be semi-ample if there exists a positive integer k such that its symmetric power S k E is generated by its global sections. Associated to E, we have p : PðEÞ ! X the variety of rank one quotients of E together with its tautological quotient line bundle O E ð1Þ. The semi-ampleness of E is rephrased by the existence of some k such that for every x A X , every section s x of O E ðkÞ over the fiber PðE x Þ extends to a global section of O E ðkÞ over PðEÞ. This in particular implies that O E ðkÞ is generated by its global sections. A vector bundle E is said to be ample if its associated line bundle O E ð1Þ is ample on PðEÞ. This in particular implies the existence of an integer k such that for every x A X , every section s x of O E ðkÞ over the first infinitesimal neighborhood of the fiber PðE x Þ extends to a global section of O E ðkÞ over PðEÞ.
Recall the formula for the curvature of the Chern connection of the quotient metric h q on O E ð1Þ of a chosen metric h on E. We choose a local holomorphic normal frame ðe
This gives a local splitting of the tangent bundle of PðEÞ. Correspondingly, the curvature of the tautological quotient line bundle is given by
Here a ? parametrizes rank one quotients of E and FSðh x Þ is the Fubini-Study metric of the hermitian form h x on E x .
A vector bundle E is said to be Gri‰ths positive, if it can be endowed with a smooth hermitian metric h such that for all x A X and all non-zero decomposable tensors v n e A TX x n E x , the curvature term hYðE; hÞðv; vÞe; ei h is positive, where
HermðEÞ Á is the curvature of the Chern connection ' E; h of ðE; hÞ.
A continuous hermitian metric h on a vector bundle b : E ! X is said to be Gri‰ths positive, if there exists a smooth positive real ð1; 1Þ-form o X on X such that in the sense of currents
where h is seen as a continuous quadratic function on the total space E À X Â f0g. At the points where the metric h is smooth, these two notions of Gri‰ths positivity coincide.
Cyclic covers.
A reference for this part is [5] , §3. Take a semi-ample line bundle L on a complex manifold Y and fix a positive integer k such that the tensor power L k is generated by its global sections. Then Bertini's theorem (see for example [10] , page 137) insures that a generic section s of L k over Y is transverse to the zero section (i.e. 
is a smooth hypersurface of the total space L, and the map p is a finite cover of degree k totally ramified along the zero locus D s of s. The space Y s may also be described as the spectrum Spec A s of the algebra
In our setting, we consider a projective submersion f : Y ! X of relative dimension r between two complex manifolds and L a semi-ample line bundle on Y . A generic section of L k gives rise to a covering of Y which we in fact regard as a family of coverings of the fibers of f. Because p s is a finite morphism, the spectral sequence of composition of direct image functors reduces to the following:
Here we have used Serre duality on the fibers of the smooth morphism f. We can also get a formula for the direct image of the relative canonical sheaf. We will use the fact that the relative canonical bundle K Y s =Y pulls back from Y , more precisely is equal to
2.3. Hodge metrics. We recall the basics on geometric variations of Hodge structures and Gri‰ths's computations ( [9] , theorem 6.2) of the curvature of the Hodge metric (see also [19] , §7, and [21] We now recall the construction of the Hodge metric on the primitive part of E p . We fix a family h b (b A B) of polarizations given by a section of R is non-degenerate. We define the primitive cohomology to be
which is also a di¤erentiable sub 
with its Hodge metric is Gri‰ths (actually even Nakano) semi-positive.
Singularities of Hodge metrics.
2.4.1. Fujita's method. We now deal with the general case, namely f : Y ! B may not be smooth. We first recall Fujita's method [6] . We therefore assume that the base B is one dimensional. The Hodge metric on the direct image of the relative canonical sheaf is described as follows. Let b A B be a point and let ðU; tÞ be a local coordi- here n ¼ dim Y À 1. Fujita checked that in this setting in case dim B ¼ 1 the Hodge metric on f ? K Y =B is bounded from below by a positive quantity and hence that the only possible singularities of the Hodge metric on f ? K Y =B are poles (see [6] , lemma 1.12).
We just give the typical example which occurs for a local model of our cyclic covers (for some positive integer m).
ðt; z; lÞ 7 ! ðt; zÞ 7 ! t:
is generated by dt, dz, dl subject to the relation kl kÀ1 dl À dt À mz mÀ1 dz ¼ 0. If o Á dt is written as hðz; lÞ dz5dl for a holomorphic function hðz; lÞ, then j 0 may be chosen to be j 0 ¼ k À1 l 1Àk hðz; lÞ dz with a pole of order k À 1 on the fiber over t ¼ 0 and no singularities elsewhere.
Proof of the main lemma.
We can now go back to the proof of our main lemma. Because of the lack of a standard notion of degenerate hermitian metrics on nonlocally free sheaves, we adapt the following definitions for the sake of convenience. We stress that unlike the common definitions for singular hermitian metrics, we require continuity. The degeneration refers to degeneration of values.
Let X be a complex manifold and E a coherent torsion free sheaf on X . A degenerate hermitian metric h on E is a collection of hermitian inner products h x on the vector space E x :¼ E n CðxÞ for each point x in X , with the extra requirements (i) there is a Zariski open subset X 0 of X such that E 0 :¼ Ej X 0 is locally free and hj X 0 is a usual smooth hermitian metric on E 0 ,
(ii) at each point x in X À X 0 , the values h x ða; aÞ for all non-zero vectors a in E x are allowed to be either in ð0; þy or in ½0; þyÞ and (iii) we require continuity in the sense that for every point x in X À X 0 and every local holomorphic section s of E, lim y!x h y À sðyÞ; sðyÞ Á ¼ h x À sðxÞ; sðxÞ Á .
A degenerate hermitian metric h is a metric with poles, (resp. a metric with zeros, resp. a regular metric) if for every point x in X and every non-zero vector a in E x , the norm h x ða; aÞ is in ð0; þy (resp. in ½0; þyÞ, resp. in ð0; þyÞ).
Proof of lemma 1.5. Let f : Z nþr ! X n be a proper Kähler surjective map between two complex manifolds of relative dimension r. Let z ¼ ðz 1 ; z 2 ; . . . ; z nþr Þ and x ¼ ðx 1 ; x 2 ; . . . ; x n Þ be local holomorphic coordinates on Z and X around z 0 and
. Let C A f ? ðK Z=X Þ and write
Note that for the map f is assumed to be surjective, the determinant appearing in this formula can be chosen to non identically vanish in any neighborhood of z 0 . The Hodge norm of C at x in the chosen neighborhood of x 0 is
The Hodge metric can hence only acquire poles, located furthermore over the discriminant locus of f . If now C belongs to f ? ðJac f n K Z=X Þ, then c is a combination
where the sum is taken over all multi-indexes J H f1; 2; . . . ; n þ rg of length jJj ¼ n, namely J ¼ f j 1 ; j 2 ; . . . ; j n g with 1 e j 1 < j 2 < Á Á Á < j n e n þ r. It follows that
Here the last sum is taken over all multi-indexes J H f1; 2; . . . ; n þ rg of jJj ¼ n, and fm 1 ; . . . ; m r g ¼ f1; 2; . . . ; n þ rgnJ. r
In our setting, we take a global section s of L k transverse to the zero section and consider the corresponding cyclic cover Y s of Y . Note that if the section s is locally given by sðx 1 ; x 2 ; . . . ; x n ; y 1 ; y 2 ; . . . ; y r Þ the cyclic cover by t k ¼ s and the map f by ðx 1 ; x 2 ; . . . ; x n ; y 1 ; y 2 ; . . . ; y r Þ 7 ! ðx 1 ; x 2 ; . . . ; x n Þ;
then there is a j such that qs qy j ðp 0 Þ 3 0 or there is an i such that qs qx i ðp 0 Þ 3 0. In the first case, the functions ðx 1 ; x 2 ; . . . ; x n ; y 1 ; y 2 ; . . . ; y jÀ1 ; t; y jþ1 ; . . . ; y r Þ can be chosen as coordinates on Y s near y 0 A p À1 s ðp 0 Þ, the map f p s is a submersion at y 0 and its Jacobian ideal at y 0 is O Y s . In the second case, the coordinates on Y s near y 0 can be chosen to be ðx 1 ; x 2 ; . . . ; x iÀ1 ; t; x iþ1 ; . . . ; x n ; y 1 ; y 2 ; . . . ; y r Þ and the Jacobian ideal of f p s contains
In any case, it contains p
. This has to be compared with the formula
Proof of theorems
Proof of theorem 1.1. Let f : Y ! X be a projective submersion of relative dimension r between two complex manifolds and L be a semi-ample line bundle on Y . Note that the relative projectivity condition is only used to ensure the local freeness of f ? ðK Y =X n LÞ.
We take a positive integer k so that L k is generated by its global sections. Take a global section s of L k transverse to the zero section and consider the corresponding cyclic cover Y s of Y . We have seen that the Hodge metric on ðf p s Þ ? K Y s =X is smooth as a Hodge metric on a smooth family, non-degenerate and semi-positively curved outside the discriminant locus S s (corollary 2.2) and may acquire poles at the points x over which the section s jY x is identically zero (lemma 1.5). Dualy, the dual Hodge metric on R r ðf p s Þ ? O Y s is smooth non-degenerate and semi-negatively curved outside the discriminant locus S s , is continuous on X and may acquire zeros.
We now explain how the semi-ampleness assumption on the line bundle L helps to remove those singularities of the Hodge metric. When L is semi-ample, D A jL k j moves.
We choose n þ r þ 1 generic sections s a that generate L k . The metric h ¼ P Our computations make explicit the idea that L being ample, the sections s jY x move su‰-ciently to make the operator '
p : E p ! W
1
B n E pÀ1 have non-zero contribution in the curvature formula.
